Abstract. Quasi-pullback of Borcherds products is an operation of renormalized restriction. It produces a meromorphic modular form on a lower dimensional symmetric domain which is again a Borcherds product. We give an explicit formula for the nearly holomorphic modular form of Weil representation type whose Borcherds lift equals to the quasi-pullback of the given Borchreds product.
Introduction
Let L be an even lattice of signature (2, b) . In [3] , [5] , Borcherds discovered a method for constructing meromorphic modular forms on the symmetric domain D L attached to L whose divisor is a sum of Heegner divisors. His construction lifts nearly holomorphic modular forms f of one variable with values in the Weil representation ρ L of L, and the principal part and constant term of f determine the divisor and weight of the resulting modular form F on D L . This orthogonal modular form F is called the Borcherds product associated to f .
In some applications of Borcherds products, an operation called quasipullback, first introduced by Borcherds in [3] , [7] , has played important roles. Let M be a primitive sublattice of L of signature (2, b ′ ). If F is a Borcherds product on D L , its quasi-pullback to D M is defined by first dividing F by zeros and poles containing D M , and then restricting the resulting form to D M . This produces a modular form on D M whose divisor and weight can be determined from that of F and the arithmetic information of the embedding M ⊂ L. If D M is not contained in the zero divisor nor pole divisor of F, this is ordinary restriction. Quasi-pullback construction has been applied to various problems, such as
• height formula for Weyl vectors of Borcherds products ( [3] ),
• Borcherds lift for anisotropic lattices ( [5] , see also [18] ),
• quasi-affineness of the moduli spaces of K3 surfaces ( [7] ),
• Kodaira dimension of modular varieties ( [19] , [15] , [16] et al), 1 • analytic torsion of K3 surfaces with involution ( [27] , [29] ), and • generalized Kac-Moody algebras ( [17] ).
In many of these examples, L is the even unimodular lattice II 2,26 of signature (2, 26) and F is the Borcherds Φ 12 function [3] constructed from f = 1/∆. Quasi-pullback of a Borcherds product is again a Borcherds product, at least in rk(M) ≥ 5. In many cases this follows from Bruinier's converse theorem [8] , [9] , and we show that this is always the case. Our main result is an explicit formula for the modular form of type ρ M whose Borcherds lift is the quasi-pullback of the given Borcherds product. 
L is the pullback operation defined in (2.1), Θ K is the ρ K -valued theta series of K, and ·, Θ K is the Θ-contraction defined in (3.1).
In the case L is unimodular, so that f is scalar-valued, the ρ M -valued form g becomes the product In some applications, the ρ L -valued form f is constructed from a scalarvalued modular form ϕ by means of "induction" (e.g., [6] , [22] , [23] , [24] , [28] , [29] ). In that situation, the ρ M -valued form g can be described more explicitly in terms of ϕ ( §3.3). In the typical case, g equals to the induction from the scalar-valued form ϕ · θ K , where θ K is the scalar-valued theta series of K (Corollary 3.12).
When L contains 2U, Gritsenko described the Borcherds lift in terms of the weak Jacobi forms of weight 0 corresponding to ρ L -valued forms (see [14] §3). He proves that in the Jacobi form setting, quasi-pullback is given by the ordinary restriction of the source Jacobi form (see [13] pp. 16, 21, 23 for some examples of this principle). Theorem 1.1, in the case M contains 2U, should be equivalent to (and gives a ρ L -version proof of) Gritsenko's quasi-pullback formula. In fact, (1.1) could be viewed as a unified generalization of the unimodular formula (1.2) and the Gritsenko formula. Theorem 1.1 is proved by comparing the weights and divisors of the two modular forms on D M . Since we rely on the Koecher principal (and finiteness of character), the argument does not extend to the remaining case in rk(M) = 3, 4. But it seems plausible that the same formula would also hold in that case. At least we know that the two modular forms have the same weight and divisor.
Schofer [25] considered an operation similar to the Θ-contraction, at the level of the Schwarz space of L ⊗ A f (A f finite adeles) and for rk(M) = 2, to study CM values of Borcherds products. It may appear that our Θ-contraction is a finite version of Schofer's operation (with rk(M) general).
Quasi-pullback of general holomorphic modular forms to rational quadratic divisors (i.e., rk(K) = 1) is systematically studied in [16] §8.4. The classical case b = 3, 2, namely quasi-pullback from Siegel modular 3-folds to Hilbert modular surfaces and from Hilbert modular surfaces to modular curves, has been also considered in [1] , [11] §9, [2] .
We thank K. Yoshikawa for valuable remarks and for referring us to the paper [25] . We also thank V. Gritsenko for kindly teaching us his Jacobi quasi-pullback formula.
Weil representation
In this section we recall basic facts concerning Weil representation and Borcherds products ( [5] , [8] ). Let L be an even lattice. By this we mean a free Z-module of finite rank equipped with a symmetric bilinear form ( , ) :
is the reduction of the bilinear form on L ∨ modulo Z. The level of A L is the smallest natural number N such that Nq(x) ∈ Z for every x ∈ A L . 
where
for every γ = (M, φ) ∈ Mp 2 (Z) and is meromorphic at the cusp. We write
for its Fourier expansion, where q n = exp(2πinτ) for n ∈ Q. The finite sum Theta series provide basic examples of holomorphic modular forms for the Weil representations. Let K be an even positive-definite lattice. For x ∈ A K the theta series θ K+x (τ) is defined by
By [5] • pullback to sublattice ( [8] , [10] , [24] ),
• pushforward to overlattice ( [5] , [8] , [10] ), and • induction from scalar-valued modular forms ( [6] , [22] , [24] ).
Since p −1 (x) is an I-orbit, we have as above
It follows that [8] , [10] , [24] 
of Jacobi theta series. Thus, translation of the operation ↑ L ′ L to Jacobi forms is "changing the reference lattice".
We next recall induction from scalar-valued modular forms following [6] , [22] . Let N be a natural number divisible by the level of A L . We write MΓ 0 (N) for the inverse image of Γ 0 (N) in Mp 2 (Z). By [23] , [26] , there is a character 
where γ runs over
2.3. Borcherds products. Let L be an even lattice of signature (2, b) . The Hermitian symmetric domain D L attached to L is defined as one of the two connected components of the following open set of the isotropic quadric: 
is called the Heegner divisor of discriminant (x, n). If 2x 0, every component of H(x, n) has multiplicity 1, while if 2x = 0, they have multiplicity 2. 
The modular form F = Ψ L ( f ) is called the Borcherds product associated to f . The equality (2.3) can also be written in the form
3. Quasi-pullback 
Proof. We write
G = F/ ±l (·, l) r(l) and k = wt(F) + ±l r(l). By definition G is a meromorphic section of O(−k) ⊗ χ. Since rational quadratic divisors on D L containing D M are exactly l ⊥ ∩ D L with l ∈ K(−1), then div(G) = div(F) − ±l r(l)(l ⊥ ∩ D L ) does not contain D M in its support. Hence F|| D M = G| D M is a nonzero meromorphic section of O(−k) ⊗ χ| D M . By Nikulin [21], for every γ ∈ O + (M), the isometryγ = γ ⊕ id K(−1) of M ⊕ K(−1) extends
to an isometry of L and acts trivially on A L . This defines an embedding O
Since F is invariant underγ with character χ and ±l (·, l) r(l) is invariant underγ, then G is invariant underγ with character χ.
Our purpose is to explicitly construct a nearly holomorphic modular form of type ρ M whose Borcherds lift gives F|| D M . In §3.1 we consider the split case L = M ⊕ K(−1). The general case is studied in §3.2. In §3.3 we give a more explicit formula when f is induced from a scalar-valued modular form. In §3. 4 we consider a few examples. f y ⊗ e y with f y being a CA M -valued function. We identify A K(−1) = A K as abelian groups which multiplies the discriminant form by −1. We define the Θ-contraction of f as the CA M -valued function Proof. Since Θ K is a modular form of type ρ K and weight rk(K)/2, the ten- 
Split case. In this subsection we consider the case when
Proof. We show that the two modular forms have the same weight and divisor. Then their ratio is a modular form of weight 0 for a character which is holomorphic on D M . By our assumption on M, this ratio is a constant by the Koecher principle.
where v runs over all (not necessarily primitive in L) nonzero vectors of K(−1) ∨ up to ±1. In order to compare this with the Borcherds lift of f, Θ K , we calculate the Fourier coefficients of f,
In the first line we identified
Note that this is a finite sum because f is meromorphic at the cusp and K(−1) is negative-definite. In particular, we have
Hence the weight of
By (3.2), this is equal to the weight of
We next compare the divisors. By (2.4) and (3.3), the divisor of
If we write π : L ∨ → M ∨ for the projection, this can be written as
Since 
is the Jacobi form for N ⊕ K corresponding to f , then the Jacobi form for N corresponding to the
Thus, translation of Θ-contraction to Jacobi forms is "restriction". 
General case. We consider the general case L does not necessarily coincides with
This follows from the following general property.
Proof. We write the Heegner divisors as H(x, n) L and H(y, n) L ′ in order to specify the reference lattices.
On the other hand, since the
we see that
L have the same constant term, they also have the same weight.
(Proof of Theorem 3.7). The modular form
by Lemma 3.8 and Proposition 3.4.
Remark 3.9. When M contains 2U, by Remarks 2.3 and 3.6, we obtain another proof of Gritsenko's result that quasi-pullback of the Borcherds lift of a weak Jacobi form of weight 0 to D M is the Borcherds lift of the ordinary restriction of this Jacobi form from 3.3. Θ-contraction and induction. Sometimes the ρ L -valued form f is constructed as the induction ind L (ϕ) from a scalar-valued modular form ϕ as explained in §2.2 (cf. [6] , [22] , [23] , [28] , [29] , [24] ). In that case, we can describe the
This is an isotropic subgroup of
be the images of I by the projections I → A M and I → A K(−1) , respectively. By Nikulin [21] , these projections are injective and so I is the graph of an anti-isometry
Let N be a natural number divisible by the level of A L . We choose (and fix) representatives γ 1 , · · · , γ d ∈ Mp 2 (Z) of MΓ 0 (N)\Mp 2 (Z). For an element x ∈ A M and a modular form ψ of weight k ′ for some subgroup of Mp 2 (Z), we define
where ψ| γ is the Petersson slash operator of weight k ′ . When x = 0, the level of A M divides N, and ψ is modular for MΓ 0 (N) with character χ M , then this is the operator ind M defined in (2.2). But in general, this may depend on the choice of γ 1 , · · · , γ d . 
where we view ιx ∈ A K via the identification
Proof. By Lemma 2.4 we have
By the transformation rule of Θ K , we have for every γ ∈ Mp 2 (Z)
where | γ is the Petersson slash of weight rk(K)/2. It follows that
By this lemma and Theorem 3.7 we obtain the following. 
Hence Proposition 3.11 takes the following form in that case.
3.4. Examples. We discuss a few examples. Below L is an even lattice of 
under the isomorphism ρ M ≃ ρ K . Theorem 3.7 in this case takes the form
This formula has been known to experts, especially when (L, f ) = (II 2, 26 
Now let f be a nearly holomorphic modular form of type
under the isomorphism (3.6). Theorem 3.7 in this case takes the form Next, for a fixed b and a < a ′ , we see from Lemma 2.4 that
Hence, as explained in the following Remark 3.18, F b,a,δ can be obtained from F b,a ′ ,δ by a sort of "regularized average product". Yoshikawa's modular forms thus converge to two origins, F 10,12,0 and F 10,12,1 . In [28] , [29] , he shows that 
